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A robust linear parameter varying (LPV) control synthesis is carried out for a Highly Maneuverable Aircraft
Technology (HiMAT) vehicle subject to loss of control effectiveness. The scheduling parameter is selected to be
a function of the estimates of the control effectiveness factors. The estimates are provided online by a two-stage
adaptive Kalman filter estimator. The inherent conservatism of the LPV design is reduced through the use of a
scaling factor on the uncertainty block that represents the estimation errors of the effectiveness factors. Simulations
of the controlled system with the online estimator show that a superior fault tolerance can be achieved.

Introduction

NE of the most effective methods for achieving single aircraft

accident prevention' is to design flight control laws that are
fault tolerant. An active fault-tolerant control (FTC) system requires
its control law to react to actuator/sensor faults through reconfigura-
tion. It is important that the design of a fault detection and isolation
(FDI) mechanism in an FTC system be properly integrated with the
design of an FTC mechanism.?

FTC designs for aerospace vehicles based on linear matrix in-
equality (LMI) optimization solutions can be found in several re-
ports. For example, in Refs. 3 and 4, fault-tolerant controllers are
designed based on the information provided by separate FDI mod-
ules that are assumed to have been identified faults, whereas faults
are modeled as functions of model parameters. In particular, when
faults are modeled as a set of varying parameters in a linear parame-
ter varying (LPV) system, a known LPV control synthesis method>-®
could be applied. The synthesis is formulated into an LMI optimiza-
tion problem based on the LPV system whose state-space matrices
are functions of a scheduling parameter vector. A scheduling param-
eter vector must be measurable in real time, and its rate of change is
required to be bounded.>® It is possible that an LPV controller can
robustly stabilize a closed-loop system and achieve a desired per-
formance level over the entire parameter space. The LPV synthesis
methodology has been successfully applied to synthesize controllers
for pitch-axis missile autopilots,”® F-14 aircraft lateral-directional
axis,” turbofan engines,'® and F-16 aircraft."’

In this paper, fault parameters are considered as scheduling pa-
rameters in LPV control synthesis, whose rate of change is suffi-
ciently large but not infinite. In practice, the bounded large number of
a scheduling parameter rate of change can allow abrupt fault occur-
rence in a reconfigurable LPV controller.* The fault parameters can
be provided by separate FDI modules. The main contribution of this
paper is the integration of FTC design with an FDI module. The fault
parameters are estimated online using a two-stage adaptive Kalman
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filtering scheme (see Ref. 12). Modeling fault parameter estimation
error is also included as the part of a control synthesis problem
formulation. This estimation error enters in the construction of an
LPV controller in the form of an uncertainty block. Thus the online
parameter estimator can be integrated into the LPV controller in an
FTC system. The LPV control synthesis problem can be formulated
as a robust LPV control synthesis.>!* The robust LPV control syn-
thesis problem is translated into two LMI optimization problems to
relax the constraints of fixing a controller in the iteration procedure.

A system with two actuators that can fail one at a time is consid-
ered. Thus, the reconfigurability of the system never goes to zero.
More specifically, an LPV model is established that captures two
actuator failures in a single scheduling parameter that is a function
of the two actuator effectiveness factors'” to reduce unnecessary
conservativeness. The factors are estimated using a two-stage adap-
tive Kalman filter. A set of covariance-dependent forgetting factors
is introduced into the filtering algorithm.'?> As a result, the change
in the actuator effectiveness is accentuated to help achieve a more
accurate estimate more rapidly. The H., bounds on parameter es-
timation errors are assessed through simulations, which are then
used as bounds of real parameter uncertainty in the construction of
arobust LPV control law. Therefore, a fault-tolerant control design
is equated to an LPV control synthesis using online estimated fault
parameters.

This paper contains the following sections. In the second section,
a robust LPV synthesis method is described. In the third section, a
fault parameter estimation method is presented. In the fourth section,
an LPV controller for a Highly Maneuverable Aircraft Technology
(HiMAT) vehicle is designed using the robust LPV synthesis control
method. In the fifth section, simulation results of the closed-loop Hi-
MAT vehicle with a robust LPV control law and an online estimator
are presented. This paper is concluded with a brief summary of our
findings in the sixth section.

Robust LPV Control Synthesis

This section states the general problem of control synthesis that
concerns an uncertain LPV system, describes a control synthesis
procedure, and introduces an estimator for actuator effectiveness.
Therefore, the synthesis of a control law is specialized to tolerating
the reduction of actuator effectiveness,'> which reflects the severity
of some actuator and control surface failure cases. The estimated
effectiveness factors are identified with a subset of varying param-
eters, and the estimation errors are identified with real parameter
uncertainties.
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Fig. 1 General FTC system structure.

Robust Control Problem for an Uncertain LPV Plant

Suppose the dynamics of a plant can be modeled as an LPV
system for which fault occurrence can be described by a function
of scheduling parameters p(¢) such that p(t) € 7, where F, is a
compact set in the n-dimensional real space R". These parame-
ters cannot be directly measured but can be estimated online with
bounded estimation errors by an FDI module. Our goal is to design
an FTC law that is adaptive to the change of the estimated fault
parameter p(¢). The proposed structure of an FTC system is shown
in Fig. 1 including an FDI module, an open-loop system G (p), and
a controller K (0). Note that an open-loop system is a function of
scheduling parameters and that a controller is a function of the es-
timated parameters.

Assume that the estimation errors by the FDI module in Fig. 1
are bounded, that is,

lo(@) = p)] < 85, s, eR ey

Also, assume that the state-space matrices of the open-loop sys-
tem G(p) are rational or affine with respect to parameters p. Then
the open-loop system can be expressed in an upper linear fraction
transformation (LFT) form with respect to the estimation errors,'*

G(p(1) £3;) = FulG(p), Ayl 2
where F, is the upper LFT and A, is estimation errors such that
A, =diag(81y, ..., 8,1,) 3)

with n the number of the estimated parameters. The reader is referred
to Refs. 14 and 15 for the definition of the upper LFT and the LFT
formulation for a system in polynomial functions.

The LFT representation in Eq. (2) for the LPV system will be
called an LFT-LPV system and can be written in the following
general form. Consider an open-loop system as an LFT-LPV system,

x A(p)  Ba(p)  By(p)  Bu(p) x
en | _ | Ce@) Dan(p) Dap(p) Dau(p) | | da @
e]) Cp(/_)) DpA(ﬁ) Dpp(ﬁ) Dpu (15) dp
y Cy(0) Dya(p) Dy,(p) 0 u
dA = AeA (5)

where state x € R"+, control input u € R"*, and measured output
y € R™. Disturbance and errors are represented by d, € R"¢ and
e, € R". Signals e, € R"® and d, € R"* are associated with the
uncertainty matrix A in Eq. (5). All of the state-space matrices are
of appropriate dimensions.

The uncertainty matrix A is in a structured uncertainty block
set A,

A ={A=diag@i 1, ... 8L, Auirs s Du)

18 €R A €C 5(A) < B) (6)

3l
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Fig. 2 General augmented LPV open-loop system inside the dashed-
dotted box with the interconnection of the uncertainty block and a con-
troller K(p).

where $ is normalized to 1 without loss of generality. Here, §; and
A; represent estimation errors 8, and uncertainties associated with
unmodeled dynamics, respectively.

Now, the conventional LPV synthesis methodology can be
applied for the design of an LPV controller for the open-loop system.
The methodology in Refs. 6 and 16, however, leads to conservative
results in performance because it does not use structural informa-
tion on the uncertainty block relating the input and output signals.
To reduce the conservativeness in LPV synthesis, a scaling matrix
S is introduced in Refs. 5 and 13. The scaling matrix S over the
uncertainty block relating the input and output signals belongs to a
setSa,

6,9,16

SA={S:5>0,SA=AS,SeR"™*" AecA} (7)

Thus, the mapping A from e, to d, with scaling matrix S (Fig. 2)
remains the same as Eq. (5). The interconnection block diagram
with an open-loop system, an uncertainty block A, a scaling matrix
S, and an LPV controller K (p) is shown in Fig. 2.

Now, the robust LPV control synthesis problem can be stated
as designing an LPV controller K (p) with a scaling matrix S that
minimizes the induced-£, norm of the closed-loop LPV system,'!
that is,

min
K(p),S€Sa

(¢

S7 0 o Is35 o
[0 I]F/[G(p),K(p)][o 1]

2«2

where the lower LFT F;[G(p), K(p)] represents the closed-loop
system with the controller K (p) in Ref. 15. The optimization prob-
lem of Eq. (8) is not convex in K (p) and S. Note that the problem
of Eq. (8) is similar to a D—K iteration problem in Ref. 15, when
estimated scheduling parameters p are fixed. A D—K iteration is
for a linear time-invariant system with a scaling matrix D, which is
calculated in the frequency domain. In general, the iteration num-
ber in a D-K iteration increases a designed control state order.
The optimization problem of Eq. (8) is for an uncertain LPV sys-
tem, and a scaling matrix S is calculated in the time domain. In
the optimization problem, a designed control state order does not
change as a scaling matrix S. The following section describes a re-
formulation of the problem so that it can be solved via an iterative
procedure.

Control Synthesis Methodology

In this subsection, an iterative procedure of solving the optimiza-
tion problem of Eq. (8) is presented. Hereafter, p is suppressed in
the p-dependent matrices. Suppose a scaling matrix S is given. The
augmented LPV open-loop system shown as a dash-dotted box in
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Fig. 2 with the scaling matrix S can be written as

_1
i A BpST2 Bp B, x
1 1 1 1 1 ~
N _ S2C, S2DppS"2 SEDAp 82Dy da )
¢ C, DS D, D ||%
y u

C, DuaS* D 0

yp

M, PBy, +y.'Cy Do + C SDu,
* ¥ 'Dy, Dy + Dfy, SDuy — S

* *

The LPV control synthesis methodology in Refs. 6 and 16 can be
applied for the augmented open-loop system under the assumptions

that
[ | }
A pu

is of full column rank for all p() and [A ;5 S~"/? D,,]is of full row
rank for all p().

For the sake of completeness, a brief summary of the LPV control
synthesis methodology in Ref. 6 is given in this section. In Ref. 6,
an LPV control synthesis is formulated into an LMI optimization
such that the closed-loop system achieves exponential stability and
an induced-£, norm of disturbance signals to error signals is mini-
mized. The LMI optimization is

min (10)

0<X(p).0<Y(p)

subject to the LMI constraints defined in Ref. 6. The designed LPV
controller K (o) is written as

W] [A) B(p) |[u an
u Ce(p)  Di(p) y
where the realization of control matrices A;(p), Br(p), Cr(p), and
Dy (p) from the solution matrices X (p) and Y (p) in Eq. (10) follows
that from Ref. 6.

Suppose an designed LPV controller K (p) in Eq. (11) is given.
The closed-loop LPV system with the controller is

Aa B, S~ By

i’cl Xl
én|=|S3C,, SiD;,Sz SiDy, ||da (12)
e 1 d

! Ca, Dy, 572 D, v

where xI = [xT xT],

13
BC, Ay (13)

By B, B,Dy, B,Dy || Dya 0
[ el ch] [ 0 0 } + [ Bk Bk } [ 0 Dyp] ( )

Ci,| _ [Cet DauDiCy  DauCi
Cay | |Cp+ DpuDiCy D, Ci

A+ B,D,C, B,C,
Ag =

s)

Dy, Dy, Dxn Dy Dy,
! ! = i + Dk[DyA Dyp] (16)
D2lcl D22cl DﬁA Dpp Dpu

Applying the Kalman—Yakubovich-Popov lemma (see Ref. 17),
the following LMI optimization problem is formulated for finding
a scaling factor S that leads to minimization of an induced-£, norm
of the closed-loop system:

i . 17
Posesy {an

subject to

PByy +y, ' C] Dy + C[ SDys,
v ' D], Dny + D], SDis, <0 (18)
¥y ' D5, Dy + D, SDiy — 1

where
My = ALP + PAg+ P 4y, 'C] Cy, + C[ SCy,

and  represents the symmetric component of the LMI constraint in
Eq. (18).

Now, the problem in Eq. (8) can be solved using the following
iteration procedure.

1) Design an LPV controller K (p) for an augmented open-loop
system with a scaling matrix S by solving the LMI optimization in
Eq. (10). At the first iteration, S is assumed to be the identity matrix

2) Generate the closed-loop system with the designed LPV con-
troller and solve the LMI optimization problem in Eq. (17) to find
a scaling matrix S.

3) Generate an augmented open-loop system with the scaling
matrix S using Eq. (9).

4) Iterate over steps 1-3 until convergence, or terminate the iter-
ation on satisfaction with a designed LPV controller.

This proposed iteration method is one of the possible method-
ologies to solve the robust LPV problem in Eq. (8). Note that this
iteration method can not guarantee finding global solutions of K and
S because the problem in Eq. (8) is not convex in K and S. Also,
there is no guarantee of convergence in the iteration process. This
iteration procedure is, however, practically tractable to synthesize
an LPV controller and to calculate a scaling matrix.

Reported research results>!3 on robust LPV synthesis are few. In
Ref. 5, an iteration procedure is suggested by using scaling matrix
S, which is similar to the iteration method described in this section.
The suggested LMI problems in Ref. 5, however, have an algebraic
constraint that is hard to satisfy in practice. In Ref. 13, the robust
LPV synthesis problem is formulated as a bilinear matrix inequality
problem, which also requires iterations to solve the problem includ-
ing an algebraic constraint. Note that the iteration method described
in this section does not have an algebraic constraint. Also, in the
iteration method, the matrix P(p) is free (not fixed) when a scal-
ing matrix S is calculated in step 2. This leads to relaxation of the
constraints of fixing the LPV controller K (p).

Parameter Estimation

This section briefly describes the formulation of an actuator effec-
tiveness estimation problem, which makes it possible to transform
an FTC (loss of actuator effectiveness) problem to a robust LPV
control problem. The development of this section follows that in
Ref. 12.

Consider a linear discrete model as

Xes1 = A{xi + Biu, Yir1 = Cixp 1 (19)

where x;, € R™, u, € R™, and y, € R" are the state, input, and
output variables, respectively. The discrete matrices A‘,f and B,f can
be obtained from a continuous model via, for example, Euler’s rule
with a sampling period 7.

To include the possible loss of control effectiveness in the model,
n, control effectiveness factors —1 < £,’( <0,j=1,...,n,, are
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introduced as functions of discrete time k. For effectiveness fac-
tor estimation, the linear discrete design model is rewritten as

uy
u;

e =Axc+[b{g o b g " |+ Bluwe+wp (20)
uZu

= Alx, + E{¢ + Blu; +w; 1)

1 =&+ w,f (22)

Yi = Cf!xk + v (23)

where the effectiveness factor vector &, is defined as [£ ,1( ”” 17,

It is obvious that E{ = B x diag{u}, ..., u;"}. Here wy, wy, and
vy are the white noise sequences of uncorrelated Gaussu:m random
vectors with zero means and covariance matrices Oy, Q > and Ry,
respectively.

The minimum variance solution is obtained by a direct application
of the two-stage Kalman filter algorithm of Keller and Darouach,'®
with constant coefficient matrices in Ref. 18 replaced by time-
varying matrices. In this paper, the compensated state and error
covariance estimation step in Ref. 18 is not used because it is not
related with control effectiveness factor estimates &; 1, in the
filter. The filter algorithm used in this paper is decoupled into three
sets of equations.

Optimal effectiveness factor estimator:

ék+l\k = ék\k 24

Pi =P+ 0 (25)

£ £ £ 3 -1
Kk+1 - Pk+l|kaT+1\k(Hk+llkPk+1|kaT+1\k + Sk+1) (26)

pé

&
k+1k+1 = (1 Kk+1Hk+1|k)Pk+1\k 27N

A n e - n
et = Eerpe T Kp o1 Gt — Hep i) (28)
State estimator:

T = AfXe + Blug + Wkék\k - Vk+l\kék|k (29)
3
PA+W<—Ad k\A(Ad) + O0p + Wi k\kaT_Vk+1\kPk+l\kaT+1|k
(30)
. . - T 1
Kf+1:PIf+1|k(Cf+1) {le+lPIj+1\k(le+l) +Rk+|} (31

where the filter residual and its covariance are given as

Fer1 =Yk41 — C/i]+1ik+llk (32)

B - T
Sk+1=C/f+1Plf+l\k(C;<1+l) + Retr (33)

Coupling equations:
W, = Ang\k + EZ G4
-1

Virk = WkPIjk(Plerllk) (35)
Hiqe = Clcci-%—lkar”k (36)
Vi tk+1 =Vk+1\k—kkx+1Hk+'lk 37

The variable definitions are taken from Ref. 18. A further measure
is taken to modify the preceding filtering algorithm so that the es-
timates become more responsive to abrupt changes in the control
effectiveness factors.

A well-known technique for estimating time-varying parameters
is the use of forgetting factors. The basic idea is to enable a recursive
algorithm to discount the past information so that the filter is more
apt to recognize the changes in the system. Because the time update
of the factor estimate governed by Eq. (24) is the dominant opposing
force to acknowledge the abrupt changes in the effectiveness fac-
tors, forgettin gg factors introduced into the time propagation of the
covariance Py, in Eq. (25) are hkely to function most effectively.

Assume that the covariance Pk‘ . adequately describes the effec-
tiveness factor estimation error along both temporal and spatial di-
rections under the normal system operation condition. Then this
covariance provides a basis for the selection of forgetting factors.
The estimates should be prevented from being impetuous, as well as
from being indifferent to the changes shown in the measurements.
A technique suggested in Ref. 19 amounts to the selection of for-
getting factors that would force the adjusted covariance in Eq. (25)
to stay within some prescribed bounds,

Jminl = P/f+1|k = Umaxl (38)

where o, and o,y are positive constants, with 0 < o < amdx <
00, and [ is the identity matrix. Let the dyadic expansion of Pkl « be
given by

ny

& _ i (i)
Py = Z “iuce;c (e;() (39)
i=1
where oeklk, R ak‘k are the eigenvalues of Pklk, with oekk cee >
ak‘ v, and ek, ...,e" are the corresponding eigenvectors, with
||ek = = ||e"“ || =1. Equation (39) can then be expressed as

ny

al
Plf+llk:Z /\k,‘k";c(e;c)T‘FQis

i=

O<Ai§l

Following the argument in Ref. 19, the forgetting factor A} can be
chosen as a decreasing function of the amount of the 1nformat10n
received in the direction e} . Because eigenvalue o i of Pk‘ « isamea-

sure of the uncertainty in the direction of e;, a choice of forgetting
factor A} based on the preceding constraints can be

)Li )\05 a]l(‘k > Qmax
k= ; . —1 .

ahk{amin + [(amax - amin)/amax]ai‘k} ) a1’<|k =< Omax

(40)

The estimation algorithm will be applied to a HIMAT vehicle in the
next section.

Control of HIMAT Vehicle

In this section, the robust LPV control synthesis methodology
discussed in the preceding section is applied to control a HIMAT
vehicle for possible actuator failures. It is assumed that only one of
actuators may fail at a time. This implies that control reconfigurabil-
ity of the HIMAT vehicle is never lost.?* We do not know, however,
which actuator fails, when it fails, and how severe is the failure.
The system variations due to actuator failures can be modeled as
an LFT-LPV system scheduled by a function of the estimated fault
parameters. Parameter estimation errors can be aggregated into the
system uncertainty description.

LFT-LPV Model of HIMAT Vehicle

The model of the HIMAT vehicle taken from the p-synthesis
toolbox>?! has two inputs, elevons 8, and canards §.; two outputs,
angle of attack « in radians and pitch angle 6 in radians; and four
states, velocity V in feet per second, angle of attack «, pitch rate ¢
in radians per second, and pitch angle 6. The open-loop model is

m - [2 g] m o ¥s m (4D
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augmented open—loop system

Fig. 3 Interconnection structure for the model matching problem.

where
~0.0226 —36.6 —18.9 —32.1
0 ~19 098 0
A= o012 -117 —263 0 (42)
0 0 1 0
0 0
0414 0 0100
B=1 778 24l C=|:O 00 1] )
0 0

To include possible actuator failures (loss of actuator effectiveness)
in the model, fault parameters 0 <7, <1 and 0 <1, <1 are intro-
duced for elevon and canard actuator, respectively. The state-space
model in Eq. (41) is rewritten as

X =Ax+[bit1 bnolu, y==Cx (44

where b; and b, are the columns of the matrix B defined in Eq. (43).
The fault parameters are estimated using the parameter estimation
algorithm described in the preceding section with bounded estima-
tion error. In Eq. (44), 71 =14+&" and 7, = 1 + &2, where the
control effectiveness factors &' and £ are defined in the preceding

section. Rewrite the fault parameters as
T =7+ 8 d7y, T, =T+ 8&dm (45)

where the magnitudes of error d7; and d7, are set as 0.1 and 0.1,
respectively, and the real parameters §; and §, can independently
vary from —1 to 1. The LFT-LPV model of the HIMAT vehicle is

. 7—'1 0 dT] 0
x=Ax+ B u+ B da 46)
dT2

0 0
exn=1u, y=Cx 47
8 0
dan = Ajen, A, = 0 s (48)

Although the LFT-LPV model in Eq. (46) is affine in the estimated
fault parameter vector T =[7; 7T,]7, the vector 7 cannot be chosen
as an estimated scheduling parameter vector for LPV control syn-
thesis because it would have included simultaneous actuator failures
and would have led to unnecessarily conservative designs. To for-
malize correctly the single actuator failure assumption, an estimated
scheduling parameter p is introduced, which ranges over 0 < p <2,

0<p<l1: 0<T1 <1, Tr,=1
p=1: =1, =1
l<p=<2: T =1, 0<7, <1 (49)

Note that the LPV model of the HIMAT vehicle is no longer affine
in the estimated parameter p.

LPV Controller Design

The control objective is to track a pitch angle command under
possible actuator failures. A desirable controller should robustly
stabilize the HIMAT vehicle over the prescribed range in Eq. (49) for
the fault parameters. The controller synthesis problem is formulated
as a model matching problem as shown in Fig. 3.

The ideal response model 7; of pitch angle is taken from the exam-
ple in p-synthesis toolbox.?! The performance weighting function
W, and unmodeled dynamics W, are also taken from the exam-
ple in p-synthesis toolbox.2! The sensor noise is modeled as white
noise with 0.6-deg amplitude for angle of attack and pitch angle
measurements. The weighting functions in Fig. 3 are

1 $/50 + 1
P = > p =40——u—
5/0.8 + 1 5/0.05 + 1
5+1
w, =02+ Wige = 0.011,  (50)
5/1000 + 1

The uncertainty block A, in Fig. 3isdiag([A;, A,]) where complex
parameters |A;| < 1and |A,| < 1 are associated with the unmodeled
dynamics on elevon and canard channels, respectively. The uncer-
tainty block A, in Fig. 3 is defined as Eq. (48).

The control synthesis problem of the HIMAT vehicle is formu-
lated to minimize the induced-£, norm of the augmented LPV sys-
tem with these weighting functions. To synthesize an LPV controller
for the augmented open-loop system shown in Fig. 3, basis functions
for X (p) and Y (p) are required in Eq. (10). The matrices X (p) and
Y (p) are written as

X(P) =) fi(Xi, X, e R""

Y(p) =&Y, Y; e R"" (51)
J

where basis functions f;(p) and g;(p) are selected before solving
the LMI optimization in Eq. (10) for X; and Y;. There is no rigorous
theoretical basis for choosing a minimal number of optimal basis
functions for X and Y in general. Here, the basis function set is
chosen to be {1,1/(p+0.01), p} for X and Y to help the LMI
optimization for total failure of either actuator (0 =0 or p =2).
Such a basis set renders adequate sensitivity of unknown matrices
X; and Y; to all failure cases of interest. Note that it is not necessary
to set g;(p) equal to fi(p).

A parameter rate bound needs to be specified to solve the LMI
optimization in Eq. (10). To accommodate possibly sudden varia-
tion of the scheduling parameter in the case of an abrupt actuator
failure, the parameter rate bound is set at a sufficiently large number
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Table 1 LMI optimization in Eq. (10) ~ values

Iteration y S

1 1.23  diag([1,1,1,1])

2 0.71  diag([0.497, 0.168, 1.186, 1.277])
3 0.60  diag([1.404, 1.289, 1.801, 1.453])
4 0.54  diag([1.580, 2.193, 2.100, 1.187])
5 0.85  diag([2.007, 1.430, 2.506, 1.849])

15| < 100. With the tractability of the LMI optimization in mind,
the LMI constraints are evaluated at the following grid points:

5 € {pl0,0.1,0.2,...,1.9,2}

Also, the same grid points are used to solve the LMI optimization in
Eq. (17). Because the matrix P is related with X and ¥ (Refs. 6 and
16), the basis function set for P is chosen as {1, 1/(p +0.01), p} as
well.

In this paper, the scaling factor S is assumed to be constant in-
dependent of the scheduling parameter. The y values and the corre-
sponding scaling factor S for each iteration are given in Table 1. The
scaling factor S is associated with the uncertainty block A given by

A = diag([A,, A,D (52)

where A, is defined in Eq. (48) and the uncertainty block A, in
Fig. 3 is associated with the unmodeled dynamics.

With use of the robust LPV synthesis methodology described in
the second section, an LPV controller is designed for the HIMAT
vehicle. Table 1 indicates that the iteration process is stopped at the
fifth iteration because the y value at the iteration is greater than the
previous iteration. Recall that the iteration process is not guaranteed
to be convergent. The performance index y in the LMI optimization
of Eq. (10) is significantly reduced from 1.23 to 0.54 as the iterations
proceed. In the remainder of this paper, the LPV controller for the
HiMAT vehicle designed at the fourth iteration step is used.

Simulations

In this section, the designed LPV controller is applied to control
the HIMAT vehicle for predefined failure scenarios. One of the fail-
ure scenarios is that a total canard failure occurs between 1 and 10 s
and a total elevon failure occurs between 20 and 40 s. The scheduling
parameter, in seconds, corresponding to the failure scenario is

2.00, 1<t<10

o= {1.00, 0<t<l
001, 20<t<40

10 <t <20 (53)

In the failure case, the pitch angle commands are given as 10 deg at
1s,0degat 10 s, and 10 deg at 20 s, sequentially.

For the purpose of comparison, a Hy, controller is designed as a
baseline controller that achieves the desired performance level at the
healthy condition. In the design procedure of the H,, controller, the
weighting functions defined in the fourth section are used. Note that
the H,, controller cannot be scheduled for the faults. The closed-
loop responses with this H,, controller are also simulated for the
actuator failure scenario of Eq. (53) and are shown in Fig. 4. It can
be seen that the H,, controller can achieve the desired performance
level when canard fails(1 <t <10 s). The H,, controller cannot,
however, achieve the desired performance level at the elevon fail-
ure. This is consistent with the finding through reconfigurability
calculation® that the canards are less effective in controlling the
pitch movement than elevons and that loss of elevon effectiveness
can significantly affect tracking the pitch commands. Also observe
from Fig. 4 that the elevon signals of the H, controller are signif-
icant despite the failure of the elevons. This implies that a reliable
reconfigurable FTC law is required to keep elevon signals close to
zero for elevon failure.

For the purpose of comparison, the LPV controller for the Hi-
MAT vehicle is simulated both with and without actuator failures,
and the simulation results are shown in Fig. 5. In this simulation, the
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Fig. 5 LPYV controller simulations with and without actuator failures.

FDI module is assumed to be perfect and estimates fault parame-
ters without estimation errors. Under this assumption, the estimated
scheduling parameter corresponding to the true failure parameters
(Fig. 5d), is fed into the LPV controller. It is observed that the LPV
controller achieves the desired goal of tracking pitch commands in
the presence of actuator failures. It can be seen from Figs. 5b and 5¢
that the LPV controller always relies on the healthy actuator to track
the pitch commands and abandons the failed actuator. For example,
the LPV controller keeps the elevon actuator signals close to zero
at the elevon actuator failure case.

Now, the fault parameters are estimated with an online estimator
that is integrated into the LPV controller as shown in Fig. 1. The FDI
module has two parts: One is the online estimator, which estimates
fault parameters 7; and 7, using the two-stage adaptive Kalman
filter, and the other carries out a simple logic that converts the failure
estimates to the corresponding scheduling parameter estimate. The
simple logic of Eq. (49) is modified because both the estimated fault
parameters 7, and T, can be less than one simultaneously before
the fault parameter values are converged. The simple logic used in
the simulation is

TIST,=>p=2-T7y, TI>Ty=>p=T (54)
Recall that the estimated failure parameters 7, and 7, can vary only
from O to 1, respectively, based on actuator faults.

The following set of parameter values are used in the two-stage
adaptive Kalman filter. Sampling period 7 is set at 0.01 s to capture
the response details of the open-loop dynamics of the vehicle. The
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Table 2 Different sets of the varying forgetting factors

Case Ao Qmin Qmax
1 0.90 10 100
2 0.95 10 100
3 1.00 10 100
4 1.00 106 107
2 T T T
il -- T
1! — Case 1
1.5F |1 — Case2 [
I
i
a 1 b
|
1
0.5F i
0 L . . .
0 5 25 30 35 40
time(sec)
a)
2 :f T —T! T T T T —— =
1" ) — Case 3
1.5F " — Case4 |

time(sec)

b)

Fig. 6 Scheduling parameter estimates for cases in Table 2.

covariance matrices Qy, Qi, and Rf described in the third section
are set as constant matrices with values

Q7F = 3diag([1, 0.01%,0.01%, 0.01%])
QF = 3diag([0.052,0.052])
R} = 3diag([0.01%,0.01%])

The covariance matrices affect the convergence of the estimator and
the noise level considered in the control synthesis in the fourth sec-
tion. The initial values of estimated states oy and effectiveness fac-
tors &g are setas [0 0 0 0]” and [0 0], respectively. The initial
covariance matrices P(io and POX‘O are set as 10/, and 1014, respec-
tively. It is found that the estimates are sensitive to the selection of
its initial values but insensitive to the selection of its initial error
covariances. The most delicate part of the estimation lies with the
selection of values for Ay, 0tmin, and opax in Eq. (40). This is done
by experiments and with little theoretical guidance. Different sets
of values in Table 2 have been attempted.

The fault parameter online estimate results are shown in Fig. 6. It
is obvious that the estimation results vary in different cases studied.
From Fig. 6a, notice the value of A effect on convergence rate of
estimation. When A is set at 1 in case 3 (Table 2), the effectiveness
factor estimate is not convergent in the canard failure situation. For
this case, the two fault parameter estimates are strongly coupled,
which can cause false identification of faults. In cases 1, 2, and 4,
initial transients in estimates are visible because the canards are less
effective in controlling pitch angle. It is unknown how the control
surface effectiveness is directly related with the transient behavior
of the parameter estimator of the two-stage adaptive Kalman filter.
For case 4, the covariance matrix P¢ is immediately a high value
after one step integration because o, is defined as 10°. It is founded
from the results of case 4 that the high value of the covariance matrix
P,f leads to a good estimate of the scheduling parameter. However, it
leads to very sensitive estimates for measurement noise. For further
simulations, the parameter value setin case 1 is used in the two-stage
adaptive Kalman filter.

The LPV controller is simulated with the online estimator using
the parameter value set in case 1, and the simulation results are
shown in Fig. 7. As shown in Fig. 7, the LPV controller is eval-
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Fig. 7 Simulations with the online estimator.
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Fig. 8 Simulations with the online estimator with measurement noise.

vated at the true values (TV) of the fault parameters and at the
estimated fault parameters with a variable forgetting factor (VFF),
respectively. Note that the LPV controller evaluated at the estimated
parameter can achieve the desired performance of tracking the pitch
commands. The difference in tracking performance between using
the estimated parameter and the true parameter is very small at the
steady state. The time delay and transient in the estimate has not
been formalized in the LPV control synthesis process. The delay,
though undesirable, is helpful in satisfying the rate bounds on the
scheduling parameter, which is one of the assumptions of the LPV
control synthesis methodology. Large delays in fault parameter es-
timates can be detrimental to the stability of a closed-loop system.
This is a subject of future study.

The online estimator and the LPV controller are simulated with
the measurement noise with the magnitude +0.01 rad of white noise
used in control synthesis, and the simulation results are shown in
Fig. 8. Observe that the LPV controller with the online estimator can
stabilize the closed-loop system over the fault scenarios and achieve
the desired performance level. Observe that the parameter estimation
error in Fig. 8 is larger than 0.1 used in the LPV synthesis. It is an
unknown dynamic coupling effect of the estimation between the
controller and the FDI module. Note that it is still an open problem
to characterize the coupling effect of the parameter estimator with
the LPV control synthesis in robustness of measurement noise.

Conclusions

AnLPV controller design problem based on an estimated schedul-
ing parameter is formulated, and a proposed solution procedure
is successfully applied to a pitch-axis flight control problem. The
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system variations due to actuator failures are modeled as functions
of estimated parameters, and the estimation errors are represented
in an LFT form with an uncertainty block. An LPV controller syn-
thesis problem with the estimation errors is transformed into two
LMI optimizations, which are solved by an iteration method. The
achieved performance level of the closed-loop system with the de-
signed LPV controller is improved by introducing a constant scaling
factor on the uncertainty block.

The iteration approach of the LPV synthesis methodology is ap-
plied to control the HIMAT vehicle subject to actuator failures. It
is assumed that only one actuator can fail at a time. Actuator fault
parameters of the HIMAT vehicle are estimated using the two-stage
adaptive Kalman filter and are converted into the estimated schedul-
ing parameter of the designed LPV controller. The LPV controller
evaluated at the estimated fault parameter is simulated with the Hi-
MAT vehicle and varies as true values of the fault parameter. The
simulation results show that the LPV controller achieves the desired
performance level when tracking pitch angle commands under ac-
tuator failures.
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